In this study, we propose a generic complementary sequence (CS) encoder that limits the peakto-average-power ratio (PAPR) of an orthogonal frequency division multiplexing (OFDM) symbol for a non-contiguous frequency domain resource allocation. To this end, we introduce a framework which describes a recursion evolved with two linear operators at each step as an encoding operation. The framework algebraically determines how the operators applied at each recursion step are distributed to the coefficients of a polynomial via binary construction sequences. By applying the introduced framework to a recursive Golay complementary pair (GCP) construction relying on Budišin's methods, we show the impact of the initial sequences, phase rotations, signs, real scalars, and the shifting factors applied at each step on the elements of the sequences in a GCP explicitly. Hence, we provide further insights into GCPs.
I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) is a scheme which enables a radio to transmit multiple information symbols on orthogonal channels separated in frequency domain [1] , [2] . Because of its excellent compatibility with other features of the communication systems, such as multiple antennas and multiple accessing, it has been the dominant waveform for today's major wireless standards such as 3GPP Long-Term Evolution (LTE) [3] , 3GPP 5G New Radio (NR) [4] , and IEEE 802.11 Wi-Fi [5] . One major drawback of OFDM is that the instantaneous peak power of the signal can be high for arbitrary information symbols, which can degrade AlphanŞahin and Rui Yang are affiliated with InterDigital, Huntington Quadrangle, Melville, NY. email: {alphan.sahin, rui.yang}@interdigital.com the transmission power efficiency and drastically change the coverage range of a link due to the power back-off. Reducing the instantaneous peak power of an OFDM symbol is not a trivial task.
In addition, several use cases such as low-latency and reliable communications and/or regulatory requirements, e.g., power spectral density (PSD) limitations in unlicensed bands, can introduce additional constraints, e.g., a non-contiguous resource allocation in the frequency domain, which makes the instantaneous peak power minimization of an OFDM symbol a more challenging problem. In the literature, there are numerous approaches to mitigate the peak-to-average-power ratio (PAPR) of OFDM symbol. We refer the reader to the comprehensive surveys on PAPR reduction techniques for multicarrier schemes in [6] , [7] . The approaches that take the encoding into account for reducing PAPR may require a joint design that typically imposes additional constraints on coding structure, modulation type, and waveform parameters. In this study, we follow this direction and aim at answering if there exist any encoder that would limit the PAPR of the OFDM symbol below certain level with non-contiguous frequency domain resource allocation by using complementary sequences (CSs).
CSs were introduced by Marcel Golay in 1961 [8] . A pair of sequences can be defined as a Golay complementary pair (GCP) if the aperiodic auto correlation (APAC) coefficients of the sequences sum to zero for the same non-zero lag. In his foundational paper, he established a framework to synthesize GCPs with binary alphabet. He presented two general construction methods, known as Golay's concatenation construction and Golay's interleaving construction, by concatenating or interleaving GCPs of length N and M to form a GCP of length 2NM. As a specific case, he provided a direct method utilizing a Boolean sum which leads to a large set of GCPs of length 2 m where m ≥ 1. In [9] , he implied that his direct construction method leads to m! · 2 m distinct binary CSs.
Earlier works on GCPs established several fundamental recursive construction methods. For example, in 1974, R. J. Turyn proposed a new construction method which takes two GCPs of length N and length M and results in a GCP of length NM [10] . The construction strategy is particularly elegant for binary CSs. It exploits the fact that the summation and subtraction of the sequences in a binary GCP yields another GCP with the alphabet of {2, −2, 0} where the supports of the sequences are disjoint. By scaling the new sequences with 1/2 and using Golay's concatenation method, he achieved to synthesize binary CSs of length NM. As a result, he showed that there exists binary CSs of length 2 α 10 β 26 γ for α, β, γ ≥ 0. In [11] , Sivasamy extended Golay's concatenation method for M = 1 (i.e., well-known Golay-Rudin-Shapiro recursion [12] ) by applying a phase factor to the one of the sequences in a GCP before the concatenation to form a GCP of length N · 2 m after m iterations. In 1990, Budišin generalized Sivasamy's construction by shifting the phase-rotated sequence instead of simple concatenation [13] . Although the modification is simple, Budišin's construction has two important results: 1) If the shifts are N · 2 ψ(n) where ψ(n) is the nth element of the sequence ψ defined by the permutation of {0, 1, . . . , m − 1}, a large number of the sequences of length N · 2 m can be generated through a recursive process. 2) The shifts can be useful to synthesize non-binary CSs of length non-power of 2. In [14] , Budišin proposed another construction which employs real scaling factors instead of phase rotations. This construction essentially explains how the scaling factors can be taken into account in a recursive method to generate multi-level GCPs. Recently, it has been shown that Budišin's constructions with phase factors and scaling factors can be combined in a single recursive method [15] , [16] . Nevertheless, these studies did not propose an explicit encoding operation for CSs or investigate CSs with alphabets such as quadrature amplitude modulation (QAM) constellation.
In the following years, appealing applications of CSs on communication systems have been demonstrated. By generalizing an earlier work of Boyd [17] , in 1991, Popovic showed that CSs were beneficial to control the peak instantaneous power of OFDM signals [18] . In 1997, Davis and Jedwab announced that a large class of CSs over Z 2 h of length 2 m can be obtained through generalized Boolean functions related to Reed-Muller codes [19] . In their seminal paper [20] , they gave the corresponding proof and showed that the proposed method results in m!/2·2 h(m+1) GCPs involving m!/2 · 2 h(m+1) CSs which occur as the elements of the cosets of the first-order Reed-Muller code within the second-order Reed-Muller code, where h ≥ 1 is an integer. Since the Hamming distance between two sequences in the set is at least 2 m−2 , Davis and Jedwab established a key connection between CSs and Reed-Muller codes to achieve a coding scheme guaranteeing low PAPR for OFDM symbols while providing good error correction capability.
Note that, Ochiai and Imai [21] and van Nee [22] also investigated the coding schemes based on CSs to achieve coding gain and PAPR reduction for multicarrier signals, where their results correspond to the subsets of Davis and Jedwab's results [20] . In 2000 [23] , Paterson proved that Davis and Jedwab's result can be generalized to a larger class of CSs over Z H of length 2 m where H is even positive integer. As a surprising result, he showed that Davis and Jedwab's construction for h = 1, Budišin's construction with the initial sequences of 1, and Golay's direct construction actually give the same set of CSs. In the literature, the set of CSs generated through sequences.
The connection between CSs and Reed-Muller codes has been a cornerstone of various research directions. The first major challenge has been the low code rate of the encoder proposed by James and Davis [20] . Since the sequence length increases much faster than the number of distinct CSs for the encoder in [20] , the corresponding code rate decreases dramatically for a larger number of uncoded bits. To address the low-code rate issue, one major direction has been the CSs which cannot be generated through Davis and Jedwab's method, i.e., nonstandard sequences. Until Li and Chu found 1024 quaternary nonstandard CSs of length 16 via a computer search in 2005 [24] , there were no evidence on the existence of nonstandard CSs of length 2 m . In a different study [25] , Li and Kao showed that these sequences actually contain third-order monomials and can be synthesized from concatenation or interleaving of quaternary GCP of length 8. In [26] , Fiedler and Jedwab provided another explanation how these new sequences arise by showing that some of the standard CSs in different cosets have identical APAC functions.
With a numerical investigation, they demonstrated that this "crossover" behavior between the cosets does not propagate to larger lengths. In their follow-up study [27] , they constructed a framework to determine the number of quaternary CSs of length 2 m by applying Budišin's method [13] to the nonstandard GCP of length 8. It is worth noting that they discovered a new set of 5184 non-standard 6-phase GCPs of length 16 in 2010, in which the underlying mechanism is different than the crossover behavior for quaternary nonstandard GCPs [28] .
To increase the code rate, another major research direction has been the generalization of Davis and Jedwab's method to obtain CSs with larger alphabets such as M-QAM constellations.
In [29] , Rößing and V. Tarokh showed that 16-QAM sequences which result in low peakto-mean envelope power ratios (PMEPR) can be constructed through a weighted sum of two CSs with the alphabet of quadrature phase shift keying (QPSK) constellation. They derived the upper bounds for the peak instantaneous power of OFDM signals for different cases such as scaling and summing the QPSK sequences in a GCP or two arbitrary quaternary CSs. B.
Tarokh and Sadjadpour extended their results in [30] of the "offset" sequences which is added to a "base" quaternary standard sequence to form a 16-QAM CS [31] , [32] . They showed that there exist at least (14 + 12m)(m!/2)4 m+1 distinct CSs of length 2 m with the alphabet of 16-QAM constellation. In their proof, they utilized a fundamental property which constructs a GCP of length N by scaling and adding the sequences in two different GCPs of length N. This property is essentially an application of Budišin's multilevel GCP construction described in [14] . In [33] , Lee and Golomb extended the offset sequences obtained in [32] for 16-QAM to 64-QAM. They showed that a CS with the alphabet of 64-QAM constellation requires two offset sequences. In 2008, Li advanced Chong et al. and
Lee and Golomb's theorems in [34] and new offset pairs leading to new CSs with the alphabet of 64-QAM are proposed in [35] , based on a conjecture asserted by Li. In [36] , Li showed that there exist at least [(m + 1)4 2(q−1) − (m + 1)4 (q−1) + 2 q−1 ](m!/2)4 (m+1) CSs for 4 q -QAM sequences. In [37] , their results are extended by considering Gaussian integers. For other recent notable constructions based on the offset method, we refer the reader to [38] and [39] and the references therein.
Albeit the benefit of the offset method for synthesizing a large number of distinct M-QAM CSs, the offset method typically yields results that are not as concise as Davis and Jedwab's result for the standard sequences [32] , [34] . One primary difficulty for the offset method is that it is not trivial to obtain the algebraic structure of a sequence generated through the addition of two complex sequences originated from two different generalized Boolean functions. In [32] , Chong et al. remarked that "unfortunately, these sequences were difficult to classify based on their polynomial structure. The classification of these sequences and their realization as OFDM
QAM codes with low encoding/decoding complexities remains an interesting open problem."
This open problem is one of our motivations to synthesize CSs with larger alphabet by using products, rather than summation. From this aspect, our work is in line with Budišin and Spasojević's recent work [40] which generates CSs by using multiplications of paraunitary matrices. However, it greatly differs as we focus on how the operations in a recursive function alter the ANFs of the corresponding generalized Boolean function associated with the synthesized sequence. In this paper, we present several contributions in this area.
The first main contribution of this study is the framework which expresses a recursion evolved with two linear operators at each step as an encoding operation. The framework explicitly describes how the operators applied at the nth step are distributed to the monomial coefficients of the final polynomial. To determine which of two operators applied to a monomial coefficient, we define a binary construction sequence for each step as a function of the configuration of the operators in the recursion. We derive the ANF of the construction sequences to express the recursion algebraically. By setting one of the operators as an identity transformation and the other as an operator from an operator set based on the information bits, we establish an encoder in a polynomial form.
The second major contribution of this study is the application of the proposed framework to a recursive GCP construction relying on Budišin's methods [13] - [16] , which yields to Theorem 2 and Corollary 3. The proposed framework describes how the initial sequences, phase rotations, signs, real scalars, and the shift factors applied at each step in recursion change the elements of the sequences in a GCP via the ANFs of the construction sequences. Hence, it provides insights that can be hard to infer from the previous constructions which mainly focus on the enumeration. For example, Corollary 3 extends the standard sequences by including both an imaginary term and a real term. Hence it concisely describes how to obtain an encoded M-QAM GCP without the offset method or paraunitary matrices, which exemplifies the construction for 16-QAM. As a result of Corollary 3, we also achieve a non-contiguous CS encoder which has not been discussed in the literature algebraically to the best of our knowledge. We believe that this is an important case because it provides another appealing application to CSs, i.e., frequency diversity, besides coding gain and PAPR advantage. Last but not least, Corollary 3 reveals how the initial sequences are ordered in the final sequence, which may be exploited to simplify the transmitter and receiver designs.
The rest of the paper is organized as follows. In Section II, we summarize several concepts related to sequences and set the further notation used in the rest of the sections. In Section III, we establish the framework which expresses a recursion as an encoding operation via construction sequences. We derive the ANFs of the Boolean functions associated with the construction sequences. In Section IV, we re-express a recursive GCP construction based on Budišin's methods by using the established framework. We investigate the impact of each operator in the recursion, i.e., scalars, phase rotations, shifts, and the initial sequences, algebraically. We discuss the conditions for synthesizing a non-contiguous CSs with QAM alphabet. We conclude the paper in Section V with final remarks.
Notation: The field of complex numbers, the set of real numbers, the set of non-negative real numbers, the set of integers, the set of positive integers, and the set of integers modulo H are denoted by C, R, R + 0 , Z, Z + , and Z H , respectively. The set of m-dimensional integers where each element is in Z H is denoted by Z m H . The symbol ⊗ and ⊙ denote Kronecker product and Hadamard product, respectively. The symbol • represents function composition. The transpose operation, Hermitian operation, the complex conjugation are denoted by (·) T , (·) H , and (·) * , respectively. A sequence of length N is represented by a = (a i ) N −1 i=0 = (a 0 , a 1 , . . . , a N −1 ). The constant j denotes √ −1. The operation a ± b and the operation a ⊙ b are the element-wise summation/subtraction and the element-wise multiplication of the sequence a and the sequence b, respectively, and given by
II. PRELIMINARIES
In this section, we summarize the relationship between the APAC of a sequence and the fluctuation of an OFDM symbol in time when the sequence is mapped to the subcarriers. We also provide the definitions of GCP and CS for the sake of completeness.
A. Polynomial Representation of a Sequence
We define the polynomial representation of the sequence a as
where z ∈ C is a complex number. By using (1), one can show that the polynomial p a (z k ), with the factor of l ∈ Z + , and the sequence a padded with m ∈ Z + null symbols, respectively.
It is well-known that the polynomial representation of a sequence is related to the APAC of the sequence as
where ρ a (k) is the APAC of a sequence a defined as
a * i a i+k for k = 0, 1, . . . , N − 1 and 0 otherwise. By restricting z to be on the unit circle in the complex plane, i.e., z ∈ {e j 2πt
Ts |0 ≤ t < T s }, the polynomial representation given in (1) corresponds to an OFDM symbol in continuous time where the elements of the sequence a are mapped to the subcarriers with the same order and T s denotes the OFDM symbol duration. Therefore, the instantaneous envelope power of an OFDM symbol can be expressed as |p a (e j 2πt Ts )| 2 . By exploiting the identity given by p a (z) * = p a * (z −1 )
for z = e j 2πt Ts and using (2), the instantaneous envelope power can be written as a function of the APAC of the sequence a as
Ts k =ρ a (0) + 2
By using (3), an upper bound for the PAPR of an OFDM symbol generated through an arbitrary sequence a can be obtained as
The inequality in (4) indicates that a sequence which has smaller |ρ a (k)| for k = 0 also yields less fluctuation in time when the same sequence is used in frequency. For example, suppose that the sequence has an ideal APAC property (i.e., ρ a (k) = 0 for k = 0). Then, |p a (e j 2πt Ts )| 2 = ρ a (0) becomes a constant function by (3) . Hence, the PAPR for such a sequence is equivalent to 1.
Unfortunately, there exists no non-trivial sequence 1 with ideal APAC property [41] .
B. Algebraic Representation of a Sequence
A generalized Boolean function is a function f that maps from
We associate a sequence f of length 2 m with the function f (x 1 , x 2 , . . . , x m ) by listing its values as (x 1 , x 2 , . . . , x m ) ranges over its 2 m values in lexicographic order (i.e., the most significant bit is x 1 ). In other words, the (k + 1)th
In this study, the sequence x = (x 1 , x 2 , . . . , x m ) denotes the monomials with the degree of 1 in order for the sake of simplifying the notation.
A generalized Boolean function can be uniquely expressed as a linear combination of the monomials over Z H as
where the coefficient of each monomial belongs to Z H , i.e., c k ∈ Z H and k = m i=1 k i 2 m−i . The representation given in (5) corresponds to the ANF of a generalized Boolean function.
Note that all of the possible monomials, i.e., 1, 
C. Golay Complementary Pair and Complementary Sequence
The sequence pair
The sequence a is defined as a CS if there exists another sequence b which complements a as in (6) .
By using the definition of GCP and exploiting (2), one can show that the GCP (a, b) satisfies
By restricting z to be on the unit circle as a further condition, (7) can be written as
Hence, the instantaneous peak power of the corresponding OFDM signal generated through a CS a is bounded, i.e., max |p a (z)| 2 ≤ ρ a (0) + ρ b (0). Furthermore, based on (8), the PAPR of the signal is less than or equal to 2 if ρ a (0) = ρ b (0). Note that for a non-unimodular alphabet for the sequences a and b, ρ a (0) can be different than ρ b (0). For example, a = (1, 3, −1, 1) and b = (1, 1, −1, −1) satisfy (6), and ρ a (0) = 12 and ρ b (0) = 4. However, the mean power for a and b is still equal to (ρ a (0) + ρ b (0))/2 by (8) . For further details on GCPs, the reader is referred to an excellent survey [42] .
III. ENCODING WITH RECURSION
In this section, we establish a framework to reveal the algebraic structure of a recursion equipped with linear operators and introduce the corresponding encoding operation.
A. Re-expressing a Recursion via Construction Sequences
Let p (n) and q (n) for n = 1, 2, . . . , m are functions in a function space F , and generated by the following recursion:
where w is an arbitrary complex number, ψ(n) is the nth element of the sequence ψ defined by 
and
respectively. The (k + 1)th monomial coefficients can then be calculated as
respectively, where f n,k ∈ Z 2 and g n,k ∈ Z 2 are the (k + 1)th elements of the sequences f n = (f n,0 , f n,1 , . . . , f n,2 m −1 ) ∈ Z 2 m 2 and g n = (g n,0 , g n,1 , . . . , g n,2 m −1 ) ∈ Z 2 m 2 , respectively, for n = 1, 2, . . . , m.
The sequences f n and g n can be seen as maps which show which of the operators (i.e., O g n,k , respectively. Since the sequences f n and g n for n = 1, 2, . . . , m are sufficient to obtain p (m) and q (m) based on (10) and (11) for the mth step, in the sequel, we refer to {f n |n = 1, 2, . . ., m} and {g n |n = 1, 2, . . ., m} as construction sequences of p (m) and q (m) , respectively. for all iterations, m = 2, and ψ = (0, 1). When n = 1,
When n = 2,
By investigating the distribution of the operators at the final polynomial, i.e., when n = m = 2, the corresponding construction sequences related to the first and the second steps are obtained as f 1 = (0, 0, 0, 1), f 2 = (0, 0, 0, 0), g 1 = (0, 0, 0, 1), and g 2 = (0, 0, 1, 1). 
where b
For instance, in Example 1, the configuration vector b T n corresponds to [0 0 0 1] based on (14) . Considering all combinations, an immediate conclusion is that there also exist 16 different possible construction sequences for each step.
To express a recursive construction algebraically, we are interested in the ANFs of the generalized Boolean functions that are associated with the construction sequences f n and g n , denoted by f n (x) and g n (x), respectively, for a given configuration vector b n .
B. Algebraic Representation of Construction Sequences
To derive algebraic representation of the lth construction sequences of p (m) and q (m) generated by (9), we utilize a new recursion given bȳ
whereŌ
The recursion in (16) is related to (9) as the operators applied at the (n = l)th step are identical for both (9) and (16) . Since the operators used at the other steps for n = l do not alter their arguments as in (17), one can expressp
respectively, where the (k + 1)th monomial coefficients forp (m) l andq (m) l generated through (16) can be obtained asF
andḠ
respectively. Hence, the construction sequences for (9) and (16) are identical for n =n = l, i.e.,
f l = f l andḡ l = g l .
By their expression,F k (r) andḠ k (r) can be either O through an isomorphic recursion given bȳ
The isomorphism between (16) and (22) 
where
To derive ANFs associated with the construction sequences, i.e., f l (x) and g l (x), by using their polynomial presentations in (23) and (24), we decompose the polynomial representation of the sequence 1 of length 2 m as a summation of p h 1 (w) and p h 2 (w) as
) .
The polynomial p 1 (w) includes all of the monomials with the coefficient of 1 as it is the polynomial representation of the sequence 1. The functions p h 1 (w) and p h 2 (w) also consist of the monomials less than the degree of 2 m with the coefficient of 1 and 0 by their definitions given in (25) . Therefore, based on (27), p h 1 (w) and p h 2 (w) should be polynomials with no common monomials, i.e., h 1 + h 2 = 1. In addition, p h 2 (w) is a polynomial where the degree of each monomial of p h 1 (w) is increased by 2 ψ(l) by the definition. Hence, the sequence h 2 should be the shifted version of the sequence h 1 by 2 ψ(l) . Since h 1 + h 2 = 1 and h 2 is the shifted version of h 2 by 2 ψ(l) , the kth element of the sequence h 1 should be 1 for k = n2 ψ(l) + (1, 2, . . . , 2 ψ(l) ) for even n and 0 for odd n. The sequences h 1 and h 2 can be expressed as
respectively, where the sequence m i is defined as the sequence associated with the function of f (x) = x i and its length is 2 m and π(l) m − ψ(l).
The polynomials p h 1 (w) and p h 2 (w) can also be decomposed as p h 11 (w) + p h 21 (w) and p h 12 (w) are the shifted version of the sequence h 11 and h 12 by 2 ψ(l+1) , respectively. By using the similar arguments provided for (28) and (29), h 11 , h 21 , h 12 , and h 22 can be expressed as
respectively.
Finally, by changing the variable l with n in (23) and (24) and exploiting the ANFs for m 1 , m 2 , . . . , m m , f n (x) and g n (x) are obtained as (34) and (35), respectively, through (23) and (24) by using (28)- (33) . Note that one can show that (34) and (35) hold also true for m = 1 and m = 2. x π(n) x π(n+1) , if n = m , respectively. Since π(l) = m−ψ(l) and ψ(l) = (0, 1), the ANFs associated with the construction sequences f 1 , f 2 g 1 , and f 2 are obtained as f 1 (x) = x π(1) x π(2) = x 2 x 1 , f 2 (x) = 0, g 1 (x) =
x π(1) x π(2) = x 2 x 1 , and f 2 (x) = x π(2) = x 1 , respectively, which yields to the sequences obtained in Example 1.
C. Encoding with Multiple Operators
Consider the recursion given in (9) . Let b n be the corresponding configuration vector defined in (15) . Let O (n) 0 be an operator that applies identity transform and O (n) 1 ∈ J n where J n is a set of linear operators and the cardinality of J n is H n for n = 1, 2, . . . , m. Let s ∈ Z M 2 be a binary sequence that contains M information bits. Assume that one of the H n operators in J n is assigned to the operator O (n) 1 for n = 1, 2, . . . , m as a function of sequence s distinctly. Based on (10) and (11) , the encoding operations which encode the information bits s are given by
where f n (x) and g n (x) are the ANFs of the generalized Boolean functions given in (34) and (35) , and k = (k 1 , k 2 , . . . , k m ) where k = m i=1 k i 2 m−i . Assuming the same configuration vector b T n = [0 0 0 0] for n = 1, 2, . . . , m, m n=1 log 2 (H n ) bit can be encoded with (36) or (37) .
IV. GENERIC COMPLEMENTARY SEQUENCE ENCODER
In this section, we utilize the framework established in Section III to derive a non-contiguous complementary sequence encoder with QAM alphabet. To this end, we exploit a recursive GCP construction, i.e., an extension of the Budišin's constructions for phase rotations and scalars investigated in [13] - [16] , given as follows: Let (a, b) be a GCP of length N and assume that the following operations occur at the nth step:
where a (0) = a, b (0) = b, α(n) ∈ R + 0 , β(n) ∈ R + 0 are the scalars, z dn is the shifting factor where d n ∈ Z, ω(n) ∈ {u : u ∈ C, |u| = 1} is an arbitrary complex number of unit magnitude, and ψ(n) is the nth element of the sequence ψ defined by the permutation of {0, 1, . . . , m − 1}.
The sequences a (m) and b (m) then construct a GCP for m ≥ 1. Table I   THE OPERATOR DEFINITIONS FOR THE RECURSIVE GCP CONSTRUCTION AND THE BOOLEAN FUNCTIONS FOR THE   CONSTRUCTION 
The proof for Theorem 1 is given in Appendix B. To obtain corresponding algebraic structure for the recursion in (38) , we re-write (38) as
by using the operators defined in Table I . In (39) , the operators related to the scalars α(n) and β(n), and the phase rotation ω(n) are denoted by A {0,1} respectively. The signs for p a (n−1) (z) and p b (n−1) (z) in (38) are generated through the operator S {0,1} applies a shifting factor to its argument, the operators 0 generate the polynomials p a (z) and p b (z) for n = 1, respectively. For the sake of unifying the operator formats, we express the corresponding operators by using the power of ξ = e 2π H and define α(n) ξ an , β(n) ξ bn , and ω(n) ξ jcn and exploit the identity ξ j H 2 = −1 in Table I . In (39) , there are seven different independent recursions evolving within one recursion. The ANFs of the construction sequences for each independent recursion can be obtained separately without loss of generality. The configuration vectors, i.e., b n for n = 1, 2, . . . , m, depend on the positions of the operators for each independent recursion in (39) . For example, the polynomial p b (n−1) (z) of the second equation in (38) is multiplied with −1 while the signs for the polynomial p a (n−1) (z) in both equations and the polynomial p b (n−1) (z) in the first equation in (38) remain unchanged. Therefore, the operator S (n) 1 is employed only for the second part of q (n) in (39) .
As a result, the configuration vector b n for the sign is obtained as [0 0 0 1] for n = 1, 2, . . . , m.
The corresponding configuration vectors b n for other processes can be obtained with the same rationale as in Table I . Finally, by plugging the configuration vectors b n to (34) and (35) , f n (x) and g n (x) are obtained for each independent recursion as in Table I for n = 1, 2, . . . , m.
A. Impact of Independent Recursions on Synthesized GCP
As given in (36) and (37), F k (r) and G k (r) are the composite operators generated through m operators guided by the functions f n (k) and g n (k). Therefore, F k (r) and G k (r) for each independent recursion can be obtained by using f n (x) and g n (x) and the operator definitions in Table I . For example, regarding the recursion related to the sign, f n (x) = 0 for n = m and f n (x) = x π(n) x π(n+1) for n < m . By using (36) , F k (r) can be obtained as 
For G k (r), g n (x) = x π(m) for n = m and g n (x) = x π(n) x π(n+1) for n < m, which leads to
By using the similar steps, F k (r) and G k (r) for the scalars α(n) and β(n), the phase rotation, the shifting factor, and the order of p a (z) and p b (z) are obtained as in Table II .
B. Combining the Independent Recursions for GCP
The operators for all independent recursions in (39) appear in the form of multiplication.
Since multiplication is a commutative operation, F k (r) and G k (r) for (39) can be derived by 
Phase ω(n)
length N. Let a n , b n ∈ R, c n , c ′ , c ′′ ∈ Z H , d n ∈ Z, and c r (x) = m−1 n=1 a n (1 − x π(n) − x π(n+1) ) + b n (x π(n) + x π(n+1) ) ,
and calculate
Then, the sequences c and d where their polynomial representations are given by
Proof. Based on (42) and (43), f s (x) = f shift (k) = g shift (k) and f o (x) = p a (z)f order,a (k) + p b (z)f order,b (k). Furthermore, ξ fr(k)+jf i (k) and ξ gr(k)+jg i (k) can be expressed as
respectively. Therefore, for w = z N ,
where a (m) and b (m) construct a GCP generated through the recursion given in (38) . Hence, c = ξ jc ′ × a (m) and d = ξ jc ′′ × b (m) . Since the phase rotation does not change the APAC of a sequence, the sequences c and d construct a GCP.
Corollary 3. For any permutation π of {1, 2, . . . , m} and for any a n , b n ∈ R, c n , c ′ ∈ Z H , d n ∈ Z, and
the sequence c where its polynomial representation is given by
is a complementary sequence.
Theorem 2 extends the results provided in [20] and [23] . If a n , b n , and d n are set to 0 and a = b = 1, Theorem 2 is reduced to the Davis and Jedwab's algebraic method derived in [20] and synthesizes the standard GCPs of length 2 m . On the other hand, Theorem 2 gives a GCP of length N × 2 m when a seed GCP (a, b) of length N > 1 is utilized. For given m and H, Corollary 3 determines m!H m+1 CSs for a n = b n = d n = 0 and N > 1, which is different than the result obtained in [20] . This is due to the fact that f o (x) is a function of x π(1) . Hence, the order of the sequences a and b are different when the elements of π are reversed although ξ jf i (k) in (46) remains unchanged.
In the literature, the construction methods mainly focus on contiguous CSs, i.e., CSs with no zero elements [29] - [40] . to adjust the location of the modulated sequences in frequency, which can be useful in some applications that exploit frequency diversity while enjoying low PAPR. Note that the overlapping in frequency can be avoided if the condition given by
holds true for 1 ≤ a ≤ m − 1 and d n ≥ 0. If (48) is satisfied, the sequence length is obtained as N2 m + m l=1 d l and the alphabet for the non-zero elements of the sequence remains the same. Corollary 3 provides a framework for synthesizing CSs with various alphabets such as QAM constellation through the parameters a n and b n . Since the parameters a n and b n change the real part of the exponent of ξ in Theorem 2, the resulting effect is a scalar multiplication, which is beneficial to synthesize CSs with various alphabet. In addition, the scalar multiplication can be useful for receiver processing as the underlying algebraic structure for the amplitude is separated from the one for phase. From this aspect, Corollary 3 extends the standard sequences by considering both amplitude and phase which can be manipulated independently. It is worth noting that although the offset method synthesizes a large number sequences with QAM alphabet, it does not offer an explicit separation between the amplitude and phase algebraically [29] - [39] . GCP (a, b) with QPSK alphabet, the pairs up to length 13 generated through a computer search in [43] can be utilized based on the need of the application such as resource allocation in frequency domain. In-Phase Non-contiguous CSs of length N2 m + m l=1 d l with QPSK constellation can be obtained if the condition given in (48) is met for d n > 0.
Let s ∈ Z M 2 be a binary sequence that contains M information bits. Then, M = ⌊log 2 (m!4 m+1 )⌋ bits can be mapped to the values of π, i.e., the permutations of {1, 2, . . . , m}, and c n , c ′ ∈ Z 4 to obtain encoded contiguous or non-contiguous CSs with QPSK constellation, based on Corollary 3.
2) Encoding for 16-QAM Constellation: For a given π, it is possible to synthesize 2m contiguous CSs of length N × 2 m with 16-QAM if either a l or b l is set to 2 π ln(3) while a n =l = b n =l = 0 for l = 1, 2, . . ., m, d n = 0, H = 4 and (a, b) of length N > 1 is a GCP with QPSK constellation of {e Non-contiguous CSs of length N2 m + m l=1 d l with 16-QAM constellation can be obtained if the condition given in (48) is met for d n > 0.
As a result, M = ⌊log 2 (m!4 m+1 (2m + 4))⌋ bits can be mapped to the values of π, i.e., the permutations of {1, 2, . . . , m}, c n , c ′ ∈ Z 4 , a n , b n ∈ {0, H 2π ln(3)} to obtain encoded contiguous or non-contiguous CSs with 16-QAM, constellation based on Corollary 3. 
V. CONCLUDING REMARKS
In this study, we discuss a framework which describes a recursion consisting of two linear operators at each step as an encoding operation. The framework algebraically determines which of two operators at each step in recursion should be applied to the monomial coefficient through a binary construction sequence. By applying the introduced framework to a recursive GCP construction relying on Budišin's methods, we show how the initial sequences, phase rotations, signs, real scalars, and the shifting factors applied at each step alter the elements of the sequences in the GCP. Hence, we provide insights into GCP that can be hard to infer from the available constructions in the literature. For example, we derive a non-contiguous CS encoder by deriving the ANF for the shifting factors. Hence, frequency diversity, coding gain, and low PAPR are maintained for OFDM symbols simultaneously. As another example, we derive two encoders that control the amplitude and the phase of the elements of the sequences in a GCP independently, which emerges from the phase rotations, signs, and the scalars in the recursion. Therefore, we extend the standard sequences, which are originally generated through the imaginary part of the exponent, by obtaining the generalized Boolean functions for the real part. In addition, we show how the initial sequences are ordered in the synthesized CSs, which may be exploited to simplify the transmitter and receiver designs.
The introduced framework can be extended by considering various practical issues in communications and theoretical challenges listed as follows:
• The number of sequences that we generate with the proposed method with QAM alphabet is less than the offset method. We numerically observed that it is possible to overlap the sequences to generate more CSs by adjusting the shift factors. However, allowing overlapping can be easily intractable as the generated sequences may not be distinct. We wonder if there is any tractable approach which ensures distinct CSs when overlapping is allowed within this framework. The rigorous analysis which reveals the connections between the proposed framework, paraunitary matrices [40] , and the offset method is also another extension of this study.
• We apply the introduced framework to a specific GCP recursion. However, there are other recursions such as Turyn's construction which involves multiple CSs. Investigating other constructions within the proposed framework and obtaining a generalized framework can be another interesting direction.
• Corollary 3 constructs the amplitude and the phase of elements of the synthesized CS through two different generalized Boolean functions. Hence, it enables CSs with not only uniform constellations but also non-uniform constellations. One practical extension may be the investigation of CSs with non-uniform constellations which are particularly optimized to combat with hardware non-linearity.
• OFDM symbols can be constructed with both data and reference symbols for channel estimation or phase tracking. Hence, one interesting challenge is to find the maximum information that can be encoded such that some of the elements of the encoded complementary sequences are fixed and serve as reference symbols. Since the proposed framework (1 + w 2 ψ(n) ) l < m ,
shows which operators change the elements of the synthesized sequences, it provides a framework to sythesize an encoded CS with reference symbols inherently. The maximum number of users supported in a such scheme is also another angle that needs to be studied.
APPENDIX A POLYNOMIAL REPRESENTATION OF CONSTRUCTION SEQUENCES
By evaluating (22) , the closed-form expressions for the polynomial representations of f l and g l can be obtained as in (49) and (50), respectively, for m > 2.
APPENDIX B PROOF OF THEOREM 1
Proof. To prove that the sequences a (m) and b (m) generated through the recursion given in (38) construct a GCP for m ≥ 1, we need to show that |p a (1) (z)| 2 + |p b (1) (z)| 2 is a constant when a (0) = a and b (0) = b where (a, b) is a GCP of length N.
Since (a, b) is a GCP, (p a (z)p a * (z −1 ) + p b (z)p b * (z −1 )) = C where C is a constant. Thus, |p a (1) (z)| 2 + |p b (1) 
